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Abstract
We analyze the class of surfaces which are equipped with rational support functions.
Any rational support function can be decomposed into a symmetric (even) and an
antisymmetric (odd) part. We analyze certain geometric properties of surfaces with
odd and even rational support functions. In particular it is shown that odd rational
support functions correspond to those rational surfaces which can be equipped with
a linear field of normal vectors, which were discussed by Sampoli et al. (2006). As
shown recently, this class of surfaces includes non–developable quadratic triangular
Bézier surface patches (Lávička and Bastl, 2007; Peternell and Odehnal, 2007).
Key words: rational support function, LN -surfaces, triangular quadratic Bézier
surface patches.
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Introduction

The support function representation describes a surface as the envelope of its
tangent planes, where the distance between the tangent plane and the origin
is specified by a function of the unit normal vector. This representation is
one of the classical tools in the field of convex geometry (see Bonnesen, 1987;
Groemer, 1996; Gruber, 1993). In addition, it provides a computationally simple way to extract curvature information (Gravesen, 2007). Its application to
problems from Computer Aided Design dates back to a classical paper of Sabin
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(1974). In particular, it is promising to apply this representation to issues related to offsets and convolution of surfaces, as these operations correspond to
simple algebraic operations of the corresponding support functions.
We consider rational support functions, i.e. functions obtained by restricting
a rational function to the unit sphere, which is seen as the set of unit normal
vectors. One obtains rational surfaces which are closed under offsetting and
under the more general operation of convolutions (see Sampoli et al., 2006).
In order to deal with the arc length of curves and offsets, Farouki and Sakkalis
(1990) established the concept of Pythagorean hodograph representations of
curves and surfaces, see the survey article by Farouki (2002) and the references
cited therein. This notion has been extended to the surface case by Pottmann
(1995), who introduced the class of Pythagorean Normal (PN) surfaces. Later,
Peternell and Pottmann (1998) studied these surfaces in the frame of Laguerre
geometry. The set of PN surfaces is not closed under convolutions.
Rationally supported surfaces are a special case of the more general class of
PN surfaces. Among them, surfaces with polynomial support functions play
a particular role, since they are related to harmonic analysis on the sphere
(see Šı́r et al., 200x). As another generalization one may also consider surfaces
defined by piecewise polynomial support functions. i.e., by spherical splines,
see Alfeld at al. (1996). The case of piecewise linear representations has been
studied by Almegaard et al. (2007).
The remainder of the paper is organized as follows. The next section recalls the
notion of polarity and introduces the support function representation of surfaces. Section 3 analyzes rational support functions, in particular with respect
to their symmetry properties. Sections 4 and 5 discuss surfaces with odd and
even rational support functions, respectively. Finally we conclude this paper.
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Preliminaries

After recalling the notion of polarity with respect to the unit sphere, we define
the dual and primal hypersurfaces which are associated with a C ∞ smooth
support functions on the unit sphere.
2.1 The polarity with respect to the unit sphere
Throughout this paper, let S denote the unit sphere in Rd . The notions of
surfaces and planes are used as synonyms for hypersurfaces and hyperplanes,
respectively.
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The polarity π with respect to S maps points to planes and vice versa with
the property that π 2 = π ◦ π is the identity (see e.g. Hoschek, 1983). More
precisely, the image of the point
p = (p1 , p2 , . . . , pd )⊤

(1)

is the plane
P = {x = (x1 , x2 , . . . , xd )⊤ : 1 = p · x = p1 x1 + p2 x2 + · · · + pd xd }

(2)

and vice versa, i.e., P = π(p) and p = π(P). The plane π(p) is perpendicular
to the ray R+ p. It intersects the ray at the point with distance 1/kpk to the
origin.
The polarity π is defined for all points p 6= 0 = (0, . . . 0)⊤ and for all planes
that have a non–zero distance to the origin. These restrictions can be avoided
by considering the projective closure of Rd . The polarity π preserves the relation of incidence between points and planes: The point p belongs to a plane
Q if and only if the point π(Q) belongs to the plane π(p).
2.2 Support function representation of surfaces
For any function h defined on the sphere S, we define two surfaces, which will
be called the dual and the primal surface. Let U ⊂ S be an open subset of the
unit sphere S, i.e., the intersection of an open set in Rd with S. We consider
a given function h ∈ C ∞ (U, R) with the property that h(n) 6= 0 for n ∈ S.
The dual surface associated with h is described by the mapping dh ∈ C ∞ (U, Rd ),
dh : U → Rd : n 7→

1
n.
h(n)

(3)

Let Ph (n) be the tangent plane of the dual surface at the point dh (n). This
tangent plane is well defined for all n ∈ U. By applying the polarity π to the
tangent planes, we obtain the primal surface associated with the function h,
ph ∈ C ∞ (U, Rd ),
ph :

U → Rd :

n 7→ ph (n) = π(Ph (n)).

(4)

In addition, we may apply the polarity to the points of the dual surface,
Dh (n) = π(dh (n)) = {x : x · n = h(n)}.

(5)

For each point n ∈ U ⊆ S we obtain a plane with the normal vector n and
the oriented distance h(n) to the origin. This plane is the tangent plane of the
primal surface at ph (n), provided that this point is regular.
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Consequently, the given function h specifies the distance of the tangent planes
of the dual surface to the origin. This function is called the support function
of the primal surface.
The primal surface can be expressed directly with the help of the support
function,
ph (n) = h(n)n + (∇S h)(n).
(6)
The vector ∇S h is obtained by embedding the intrinsic gradient of h with
respect to S into the space Rd . If the support function h is the restriction of
a function h∗ ∈ C ∞ (Rd , R) to U, then it can be obtained by projecting the
usual gradient into the tangent plane of the sphere,
(∇S h)(n) = (∇h∗ )(n) − [(∇h∗ )(n) · n ] n,

(7)

see e.g. Šı́r et al. (200x) for more information. C ∞ parameterizations of the
dual and the primal surfaces can be generated by composing (3) and (7) with
suitable parameterizations of the spherical domain U ⊆ S.
The mapping ph ∈ C ∞ (U, Rd ) is the inverse Gauss map (see Kreyszig, 1991) of
the primal surface, as its argument is simultaneously the unit normal vector of
the tangent plane at the image point. Consequently, the curvature properties
can be analyzed with the help of the differential of this mapping (see Šı́r et
al., 200x).
Hoschek (1983) uses dual surfaces associated with a given primal surface in
order to detect parabolic points. He uses the polarity with respect to the
“imaginary unit sphere”.

3

Rational support functions

We introduce rational support functions and decompose them into symmetric and antisymmetric components. In addition we investigate some general
properties of the associated surfaces.
3.1 Surfaces with rational support functions
Definition 1 A rational function h on the unit sphere S ⊂ Rd is the restriction of a rational function h∗ on Rd to S.
This definition requires a slight clarification. Rational functions on Rd are
not defined on the whole space, due to the zero set of the denominator. As
common practice in algebraic geometry, we will simply ignore this fact, since
4

the rational function are properly defined on a set which is open and dense
in both Euclidean and Zarisky topology. This property is inherited by the
restrictions to the sphere, provided that the denominator of h∗ does not contain
the equation of the sphere as a factor.
By composing (3) and (7) with suitable rational parameterizations of the
sphere one obtains the following result.
Proposition 1 The primal and dual surfaces associated with rational support
functions admit rational parameterizations.
The class of primal surfaces associated with rational support functions are
closed under translation, rotation, scaling, offsetting and convolution. This
is due to the fact, that these geometrical operations are reflected by simple
modifications of support functions, which preserve rationality.
More precisely the primal surface is rotated by a matrix Q ∈ SO(d), i.e,
ph 7→ Qph , then the new support function is n 7→ h(Q−1 n). If the surface is
translated by a vector a ∈ Rd , i.e., ph 7→ ph +a, then the new support function
is n 7→ h(n) + a · n. Scaling corresponds to multiplying the support function
by the scaling factor, and offsetting to adding the (oriented) offset distance.
Finally the convolution of two primal surfaces corresponds to the addition of
support functions 1 . This fact has been exploited by the authors in order to
derive algorithms for computing the boundaries of Minkowski sums of planar
and spatial domains (Šı́r et al., 2007).
Remark 1 We use the notion of primal and dual surfaces merely in order to
distinguish between the two surfaces (3) and (7) which are associated with a
given support function. This notion does not imply additional properties of
these surfaces; almost any surface can locally be considered either as a primal
or dual surface associated with a certain support function.

3.2 Even and odd functions
Similar to rational functions on the real line, one may study certain symmetries. The notion of odd and even function is again inspired by properties of
polynomials of odd and even degree.
Definition 2 A rational function h on the sphere S is said to be even resp.
odd if f (−n) = f (n) resp. f (−n) = −f (n) holds for all n ∈ S.
1

Here, the convolution of two surfaces consists of the sums of the coordinate vectors of all pairs of points where the associated tangent planes are parallel and the
corresponding normal vectors point to the same side of the tangent planes.
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Moreover, any rational function on S can be decomposed into a symmetric
and an antisymmetric part.
Lemma 1 Any rational function h on the sphere possesses a unique representation of the form
h = h0 + h1 ,
(8)
where h0 is an even rational function and h1 is an odd rational function.
Proof. The values of h0 and h1 are uniquely determined as
1
1
h0 (n) = (h(n) + h(−n)) and h1 (n) = (h(n) − h(−n)).
2
2

(9)

Since h is the restriction of a rational function h∗ , the odd and even function
are rational, since they are restrictions of the rational functions
1
1
h∗0 (n) = (h∗ (n) + h∗ (−n)) and h∗1 (n) = (h∗ (n) − h∗ (−n)).
2
2

(10)

to the sphere. 2
3.3 The canonical extension
A rational function on S can be obtained by restricting various different rational functions on Rd . The following results leads to a canonical extension.
Lemma 2 For any rational function h on S there is a unique rational extension h+ on Rd which is affine along the lines through the origin. More
precisely, h+ satisfies
h+ (λ α n + (1 − λ) β n) = λ h+ (α n) + (1 − λ) h+ (β n)

(11)

and
h+ (n) = h(n)

(12)

for all α, β, λ ∈ R, α, β 6= 0 and n ∈ S.
Proof. We prove this observation by constructing h+ from h. Since h is rational, it is a restriction of a rational function
h∗ =

p
r0
r1
p
p(q0 − q1 )
pq0 − pq1
=
=
= 2
= 2
+ 2
, (13)
2
2
q
q0 + q1
(q0 + q1 )(q0 − q1 )
q0 − q1
q0 − q1 q0 − q12

where p, q, q0 , q1 , r0 , r1 ∈ R[x1 , . . . , xd ] are polynomials on Rd . The polynomials
q0 and q1 contain the terms of even and odd degree of q = q0 + q1 , respectively.
Similarly, the polynomials r0 and r1 contain the terms of even and odd degree
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of p(q0 − q1 ) = r0 + r1 , respectively. The denominator s = q02 − q12 contains
only terms of even degree.
By multiplying the terms of s, r0 and r1 with suitable powers of the homogeneous quadratic polynomial
kxk2 = x21 + · · · + x2d ,

(14)

which equals 1 when restricted to S, we obtain homogeneous polynomials ŝ, r̂0
of even degree and r̂1 of odd degree. When restricted to S, these polynomials
coincide with s, r0 and r1 .
Consider the rational function
1

h+ = (kxk2 ) 2 (deg ŝ − deg r̂0 )

1
r̂0
r̂1
+ (kxk2 ) 2 (1 + deg ŝ − deg r̂1 )
ŝ
ŝ

(15)

where deg p denotes the degree of p. The first term is constant along the lines
through the origin, while the second term is homogeneous linear along these
lines. Consequently, h+ is an affine function as defined in (11). Moreover (12)
is also satisfied.
Finally, we note that h+ is unique, since the value h+ (x) at x ∈ Rd \ {0} is
determined by the values of h, as the identity
!

x
1 + kxk
1 − kxk
−
+
x=
2
kxk
2

x
kxk

!

(16)

implies
!

!

1 + kxk
x
x
1 − kxk
+
,
h −
h
h (x) =
2
kxk
2
kxk
+

(17)

due to (11) and (12). 2

Definition 3 The rational extension h+ ∈ C ∞ (Rd , R) from Lemma 2 will be
called the canonical extension of the rational function h ∈ C ∞ (S, R) to the
embedding space. From now on, if there is no danger of confusion, we will not
distinguish between h and h+ .
The mapping h → h+ , which assigns the canonical extension to any (rational)
function on S, is a linear operator which commutes with rotations around
the origin. More precisely, for any rotation ρ around the origin we have that
(ρ ◦ h)+ = ρ ◦ h+ .
The simple expressions for the geometrical operations (translation, rotation,
scaling offsetting, convolution) apply not only to the support functions, but
also to the corresponding canonical extensions.
7

4

Surfaces with odd rational support functions

We study certain geometric properties and discuss the relation to LN surfaces,
in particular to quadratic triangular Bézier surfaces.
4.1 Geometric properties
This section is devoted to geometric properties of the primal and dual surfaces
associated with odd rational support functions. The class of surfaces with odd
rational support functions is closed under translation, rotation, scaling and
convolution, but not offsetting.
In this case, the canonical extension defined in (11) is homogeneous linear
along the lines through the origin, i.e., the first term in (15) is not present.
Consequently the support function satisfies
x ∈ Rd ,

h(λx) = λh(x),

λ ∈ R.

(18)

It follows that the gradient field ∇h is homogeneous of degree 0, i.e. constant
along the lines through the origin,
x ∈ Rd ,

(∇h)(λx) = (∇h)(x),

λ ∈ R \ {0}.

(19)

The next theorem describes the main results concerning the associated primal
and dual surfaces.
Theorem 3 The following three statements are equivalent.
(1) h is an odd rational support function. More precisely, the rational function h satisfies h(n) = −h(−n).
(2) The primal surface associated with h is an LN surface, i.e., it is a rational
surface which can be equipped with a linear field of normal vectors.
(3) The dual surface associated with h is a monoid surface with the singularity
at the origin. More precisely, it is an algebraic surface which possesses a
point of multiplicity k − 1 at the origin, where k is the algebraic order of
the surface.
Remark 2 Sampoli et al. (2006) discuss LN surfaces in more detail. As observed there, they are dual to graphs of rational functions, which implies the
equivalence (2) ⇔ (3). Monoid surfaces have recently been studied by Johansen et al. (2007).
Proof. (1) ⇒ (3): The dual surface has the implicit equation
h(x) − 1 = 0,
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(20)

where h is the canonical extension of the odd rational support function. Indeed,
the dual surface is given by (3), and using (18) we get
n
h
h(n)

!

=

1
h (n) = 1.
h(n)

(21)

Since h is an odd rational function, the canonical extension equals h = p/q,
where p, q are homogeneous polynomials of degree m + 1 and m, respectively.
Then the equation (20) can be written as
p(x) − q(x) = 0,

(22)

which represents a monoid surface with the singularity at the origin.
(3) ⇒ (2): Any monoid surface of order m has an implicit representation of
the form (22), where p, q are homogeneous polynomials of degree m + 1 and
m, respectively. Let h = p/q. The vector field ∇h is constant along the lines
through the origin and satisfies
x · (∇h)(x) = h(x),

x ∈ R.

(23)

In order to find the primal surface, we apply the polarity to the dual surface
defined by (22) or equivalently by (20). For any n ∈ S, the line Rn intersects
the surface in the origin and in another point n/h(n). A normal of the tangent
plane at this point can be obtained as the gradient of the left–hand side of
Eq. (20),
!
n
(∇h)
= (∇h)(n).
(24)
h(n)
The tangent plane has the equation
x · (∇h)(n) =

n
· (∇h)(n) = 1,
h(n)

(25)

where we used (23) in order to simplify the right–hand side. Consequently,
the polarity π maps the tangent plane of the monoid surface to the point
(∇h)(n) of the primal surface, and n is the unit normal at this point. Now,
by composing the central projection x → x/kxk onto the sphere with the
parameterization n → (∇h)(n) of the primal surface, we obtain the rational
mapping
!
x
d
d
= (∇h)(x)
(26)
R \ {0} → R : x → (∇h)
kxk
which maps any point x to a point of the primal surface, such that x is a normal
to the surface at this point. Once more we exploited the observation that ∇h
is constant along lines through the origin. By restricting this mapping to a
linear parameterization of an arbitrary plane not passing through the origin
we obtain an LN parameterization of the primal surface.
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(2) ⇒ (1): A rational LN-surface is described by a rational parameterization
r(u1 , . . . , ud−1) and it is equipped with a linear field of (non–unit) normal
vectors. After a suitable reparameterization and choice of coordinates, the
field of normal vectors takes the form (1, u1 , . . . , ud−1 )⊤ , see Sampoli et al.
(2006). Consequently, the unit normals are
⊤

n(u1 , . . . , ud−1 ) = (n1 , . . . , nd ) =

1
u
u
√ , √ 1 , . . . , √d−1
Q Q
Q

!⊤

,

(27)

where Q = 1 + u21 + · · · + u2d−1 , which implies the relations
ui =

ni+1
,
n1

1
i = 1, . . . , d − 1, and n1 = √
Q

(28)

between surface parameters and components of the unit normal (27). Using
these relations, the distance of the tangent plane at a point r(u1 , . . . , ud−1) to
the origin evaluates to
h(n1 , . . . , nd ) = r(u1 , . . . , ud−1) · n(u1 , . . . , ud−1 )
 


n2
nd
nd ⊤
n2
· 1, , . . . ,
= n1 r
,...,
.
n1
n1
n1
n1

(29)

Obviously this is an odd rational function on the unit sphere. 2
4.2 LN surfaces and convolutions
As observed in the second part of the proof, the points of the primal surface
are obtained as
ph (n) = (∇h)(n),
(30)
where h is the canonical extension of the odd rational support function. Points
that are associated with opposite normals are identical,
∇h(n) = ∇h(−n),

(31)

as the gradient field ∇h is constant along the lines through the origin. If
we compute an offset surface at distance d, then the points associated with
opposite normals are
ph+d (n) = (∇h)(n) + nd and ph+d (−n) = (∇h)(−n) − nd,

(32)

i.e., they have the constant distance 2d. This proves the following corollary:
Theorem 4 The offsets of LN surfaces are surfaces of constant width.
Curves and surfaces of constant width have been studied extensively in convex
geometry, see e.g. (Strubecker, 1959; Guilfoyle and Klingenberg, 2007).
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Fig. 1. Left: A curve with odd rational support function and its
dual curve (thick). Right: The offsets are curves of constant width.

Example 1 We consider the curve (d = 2) with the odd rational support
function
5 x3 − xy 2
h=
.
(33)
2 3x2 + y 2
The dual curve is a monoid of degree 3, which has an isolated double point at
the origin. The curve and its dual curve and some offsets are shown in Fig. 1.
For smaller values of the offset distance, the offsets have self-intersections.
The next result follows directly from (19) and (30). It provides an alternative
approach to the rational convolution property of LN surfaces, which was also
observed by Sampoli et al. (2006).
Corollary 5 Let d = 3. Consider a surface x(u1 , u2 ) with parameters (u1 , u2) ∈
Ω ⊆ R2 , along with a surface which is described by an odd rational support
function. The convolution of both surfaces can be obtained as
x(u1 , u2 ) + (∇h)(x1 (u1 , u2 ) × x2 (u1 , u2 ))

(34)

where xi denotes the partial derivative vector with respect to ui . If x is a
rational surface, then the convolution surface is rational, too.

4.3 Quadratic triangular Bézier surfaces
As shown recently, quadratic triangular Bézier surfaces 2 (except for developable ones) belong to the class of LN surfaces. Lávička and Bastl (2007)
proved this result in a more general framework using Gröbner bases, while Peternell and Odehnal (2007) presented a different approach which relies on the
2

A general classification of these surfaces has been given by Degen (1996) and
Peters and Reif (1998).
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analysis of Cremona transformations. We present an example which demonstrates that these surfaces possess odd rational support functions, which can
be expressed as the quotient of a cubic and a quadratic homogeneous polynomial. It is shown that the support functions can be found simply by solving a
2 × 2 system of linear equations. The approach can be extended to hypersurfaces with quadratic parameterizations in Rd .
Example 2 We consider a quadratic triangular Bézier surface patch in R3 ,
x(u, v, w) =

X

i,j,k∈Z+
i+j+k=2

2 i j k
u v w bi,j,k ,
i!j!k!

u + v + w = 1.

(35)

The support function h can be found by eliminating u, v from the following
system of equations:
h = n · x(u, v, 1 − u − v),
∂
∂
x(u, v, 1 − u − v), 0 = n · x(u, v, 1 − u − v).
0=n·
∂u
∂v

(36)

The last two equations are linear in u, v. They are used to express these
parameters in terms of n = (n1 , n2 , n3 ). By substituting the result into the
first equation one finds the support function of the surface. For instance, if we
consider a surface patch with the control points
b2,0,0 = (1, 0, 0)⊤ , b0,2,0 = (0, 1, 0)⊤ , b0,0,2 = (0, 0, 1)⊤ ,
b1,1,0 = b1,0,1 = b0,1,1 = (0, 0, 0)⊤ .

(37)

then the support function takes the form
h(n1 , n2 , n3 ) =

5

n1 n2 n3
.
n1 n2 + n1 n3 + n2 n3

(38)

Surfaces with even rational support functions

We study geometric properties of the primal and dual surfaces associated
with even rational support functions. The class of surfaces with even rational
support functions is closed under rotation, scaling, offsetting and convolution,
but not translation 3 .
In this case, the canonical extension defined in (11) is constant along the lines
through the origin, i.e., the second term in (15) is not present. Consequently
3

A translation-invariant class of surfaces can be obtained by considering support
functions that are sums of even rational functions and linear polynomials.
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the support function satisfies
h(λx) = h(x),

x ∈ Rd ,

λ ∈ R \ {0}

(39)

The next theorem describes the main results concerning the associated primal
and dual surfaces.
Theorem 6 The following three statements are equivalent.
(1) h is an even rational support function. More precisely, the rational function h satisfies h(n) = h(−n).
(2) The primal surface associated with h possesses a non–rational parameterization of the form
1
(u1 , . . . , ud−1 ) → ± √ r(u1, . . . , ud−1 ),
Q

(40)

such that the vectors (1, u1, . . . , ud−1 )⊤ form a field of normal vectors,
where r ∈ C ∞ (Rd−1 , Rd ) is a rational function and Q = 1+u21 +· · ·+u2d−1 .
Since the normal vectors depend linearly on the surface we call (40) an
LN parameterization of the surface.
(3) The dual surface associated with h has the following properties:
(i) It is a surface of a certain even degree 2m + 2 which is centrally
symmetric with respect to the origin.
(ii) It has a point of multiplicity 2m at the origin.
(iii) The tangent cone at the origin is a ”double cone” of order m.
(iv) Its intersection with the plane at infinity factorizes as the absolute
circle (sphere) and a double (d − 2)–dimensional surface.
Proof. (1) ⇒ (3): The dual surface has the implicit equation
h(x)2 kxk2 − 1 = 0.

(41)

where h is the canonical extension of the even rational support function. Indeed, the dual surface is given by (3), and using (39) we get
2

h

n
h(n)

!

n
h(n)

2

= h2 (n)

knk2
= knk2 = 1.
2
h (n)

(42)

and it is easy to see that all points satisfying (41) belong to the dual surface.
The canonical extension of the support function takes the form h = p/q, where
p, q are two homogeneous polynomials on Rd of the same degree m. Eq. (41)
can therefore be rewritten as
p(x)2 kxk2 − q(x)2 = 0.
13

(43)

The class of algebraic surfaces of this form can equivalently be characterized
by the four geometric conditions (i)-(iv). First, Eq. (43) has degree 2m −
2 and it contains only terms of even degree, hence the surface is centrally
symmetric with respect to the origin. Second, the first non–vanishing term of
the Taylor expansion at the origin is q 2 , hence we have (ii) and (iii). Finally, the
intersection with the plane at infinity is p(x)2 kxk2 = 0, which is characterized
by (iv).
(3) ⇒ (2): We assume that the dual surface is given by an equation of the
form (43), where p, q are homogeneous polynomials of degree m. Let h = p/q.
This function is homogeneous rational of degree 0 (characterized by (39)), and
the gradient field ∇h is homogeneous rational of degree −1,
(∇h)(λx) =

1
(∇h)(x),
λ

λ 6= 0.

(44)

Moreover, since h is constant along the lines through the origin,
x · ∇h(x) = 0

(45)

holds for all x 6= 0. We compute the image of the dual surface under the polarity π. Any line Rn intersects the surface in the origin and in two additional
points
1
1
1
n and −
n=
(−n)
(46)
h(n)
h(n)
h(−n)
The normal vector of the dual surface is obtained as the gradient of (41),
∇(h(x)2 kxk2 − 1) = 2h(x) (∇h)(x) kxk2 + 2x h(x)2 .

(47)

Setting x = (1/h(n))n we obtain a normal at this point. With the help of (39)
and (44), this can be simplified to
2[(∇h)(n) + h(n) n].

(48)

The tangent plane at the first intersection point possesses the equation
x · [∇h(n) + h(n)n] =

1
n · [(∇h)(n) + h(n) n] = 1,
h(n)

(49)

where we used (45) in order to eliminate the first term on the right–hand side.
Similarly we obtain the tangent plane
x · (∇h(−n) + h(−n)(−n)) = 1

(50)

at the second intersection point. Thus, for any n ∈ S, the point (∇h)(n) +
h(n)n belongs to the the primal surface and n is a unit normal at this point.
x
Now, composing the mapping x → kxk
with the parameterization
n → (∇h)(n) + h(n)n
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(51)
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Fig. 2. Primal surfaces associated with even rational support functions.

of the primal surface, we obtain the mapping
x→


1 
kxk2 (∇h)(x) + h(x) x
kxk

(52)

from Rd − {0} to the primal surface, such that x is a normal to the surface
at the corresponding point. Restricting this mapping to the planes x1 = ±1,
which can be parameterized as x = ±(1, u1 , . . . , ud−1 ), we obtain the parameterizations (40).
(2) ⇒ (1): First we define an orientation of the two branches of the surface
(40): The vectors
1
(53)
± √ (1, u1 , . . . , ud−1 )⊤
Q
are unit normals of the corresponding branch (with the same sign). Consequently, the unit vector n = (n1 , . . . , nd ) is normal vector at the point obtained by choosing ui = ni+1 /n1 , where the sign of n1 specifies the branch.
This gives
v
u
u
sgn(n1 ) t1 +

−1

n2d 
n22
+
.
.
.
+
n21
n21

r



nd
n2
,...,
n1
n1



= n1 r



nd
n2
,...,
. (54)
n1
n1


Hence, the support function
nd
n2
·n
,...,
h(n1 , . . . .nd ) = n1 r
n1
n1




(55)

is an even rational function. Choosing the opposite orientation of the surface
changes the sign of the support function. 2
Example 3 Fig. 2 shows two examples of rational surfaces with even rational
support functions. Note that 1 in the equations can be replaced with kxk2 =
x2 + y 2 + z 2 , in order to obtain the canonical extension of h to the embedding
space.
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Example 4 We consider the primal and the dual surfaces which are defined
by the support function h(x, y, z) = xz and analyze them in more detail. According to the proof of Theorem 6, the associated dual surface has the implicit
equation
x2 (x2 + y 2 + z 2 ) − z 2 = 0.

(56)

This algebraic surface of degree 4 surface possesses two double lines: the line
x = z = 0 and intersection of the plane x = 0 with the plane at infinity. These
two double lines intersect in a point of multiplicity 2, which is located at the
infinite point of the y axis. The origin is a double point with the tangent cone
z 2 = 0, which is a double plane. The dual surface is a Del Pezzo surface of
degree 4 (see Schicho, 2005). The dual and primal surfaces are shown in Fig. 3.
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x
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0 0.2

0.4 0.6
0.8

1 –1.5

y

Fig. 3. Dual (left) and primal (right) surface associated with the support function
h = xz

Conclusion

Surfaces with a rational support function can be obtained as the convolution of
two surfaces with an odd and an even rational support function, respectively.
We analyzed the relations of the odd components to the class of LN surfaces,
which was studied by Sampoli et al. (2006). In addition, the geometry of the
components was characterized by geometric properties of the dual surfaces.
As a major limitation, surfaces defined by support functions cannot represent
parabolic points, as those points correspond to singularities of the Gauss map.
As a matter of future work we will explore multi-valued functions on the
sphere, in order to deal with the representation of surfaces containing parabolic
lines.
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