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Abstract

Computing low-rank approximations of a given function is a key step for implementing
efficiently numerous algorithms in various fields, including the discretisation of non-local
integral operators and Isogeometric Analysis. The adaptive cross approximation (ACA) al-
gorithm is an efficient method requiring few computational resources introduced by Beben-
dorf. We introduce in the present paper the new paradigm of approximating the given
function by a piecewise low-rank function with C'-regularity. The proposed approxima-
tion is based on the ACA algorithm and our main contribution is the extension of the
interpolation property characterising this algorithm to Hermite interpolation. Therefore,
we introduce a new method for low-rank Hermite interpolation using a limiting case of the
ACA algorithm. The proposed method has full approximation order. We then propose
a piecewise low-rank approximation with adaptive refinement using either the ACA algo-
rithm or our new method to compute each piece. We finally compare the results obtained
for the two methods.

Keywords: cross approximation, Hermite interpolation, low-rank approximation

1. Introduction

In the present paper we focus on the approximation of a given bivariate function with
a sum of products of univariate functions. This so-called low-rank approximation has
received a lot of attention, see [1] and references therein, and [2]. A first approach to
perform this approximation uses the singular value decomposition [3, 4]. This method
has clear theoretical foundations, but is computationally expensive. A method reducing
drastically the resources needed, the adaptive cross approximation (ACA) algorithm, has
been introduced by Bebendorf in [2].

To estimate the error made by this approximation, the author focused on the case of
integral operators with kernels satisfying a reasonable asymptotic decay. Schneider then
showed in [5] that, under a particular choice of the points, the error can be controlled by
the infimum of the error in the L*°-norm over all the functions having the expected rank.
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One can find in [6] a review of low-rank approximations of matrices, including the ACA
algorithm for the case where the matrix arises from the sampling of a function on a grid.

Such approximations are notably used to implement efficient discretisations of integral
operators. Indeed, a specificity of these non-local operators is that the resulting matrices
are dense. Nevertheless, under some reasonable asymptotic assumptions on the kernel, a
data sparse approximation of these matrices follows from their decomposition into blocks
with low-rank [7, 8, 9]. Moreover, the low-rank approximation of the blocks is a direct
consequence of the low-rank approximation of the considered kernel.

More recently, in the field of Isogeometric Analysis [10], the authors of [11] have used
low-rank approximations to improve significantly the implementation of the discretisation
of partial differential equations. Indeed, to operate isogeometric discretisations of PDEs,
one mainly uses tensor spline bases mapped to the physical domain by a global parame-
terisation. The authors of [11] then used the tensor structure to decompose the Galerkin
matrix into Kronecker products of matrix factors with small dimensions. Similarly to the
case of integral equations, the key step is a low-rank approximation of the kernel (density
of the integral).

An algorithm to approximate a bivariate function by low-rank splines using the ACA
algorithm has then been proposed in [12]. The decomposition of the matrix obtained in
[11] is even crucial when considering higher dimensions to avoid prohibitive computational
costs [13, 14]. The rank of the aforementioned kernel depending directly on the rank of the
parameterisation, another way to obtain low-rank kernels is to directly construct low-rank
parameterisations. To this end, an optimisation approach has successfully been applied in
[15] to construct low-rank parameterisations of physical domains delimited by four given
curves.

On the other hand, interpolation methods, such as Coons patches [16], can be applied to
construct parameterisations. An interpolation algorithm generating low-rank parameteri-
sations has then been proposed in [17]. In a second paper, the authors have generalised this
method in order to interpolate multiple curves [18]. They also showed that this method is
equivalent to the ACA algorithm, this latter having the advantage of choosing adaptively
the points. Indeed, the ACA algorithm performs a low-rank approximation of a given
function using the restrictions of this function to some z-lines and y-lines, permitting it to
be equivalently used as an interpolation method.

Contrary to the error estimates of the ACA algorithm presented in [2, 5], the authors
of [18] focus on local estimations and show that this method has full approximation order.
This motivates the approach taken in the present paper: we approximate hierarchically
a given function by a piecewise low-rank function. The main bottleneck is to obtain C*-
continuity of the result, leading us to low-rank Hermite interpolation. We note that we
could obtain Hermite interpolation using blending functions [19], but the result may have
high rank. Therefore, we focus in the first sections of this paper on the development of a
new method for low-rank Hermite interpolation.

The proposed method results from a limiting case of the ACA algorithm, renamed as the
cross algorithm (CA) in what follows to underline that the points are fixed in our approach.
A closed-form solution is first proposed. We then present an efficient implementation of



this closed-form solution using an extension of the CA algorithm. We also prove that this
new method has full approximation order. We finally show the efficiency of the piecewise
low-rank approximation by numerical examples in the last section.

2. Preliminaries and main results

After recalling the Cross Approzimation (CA) algorithm and its properties [2, 18], we
outline below the main ideas of the present paper, as well as the main results.

The CA algorithm permits to approximate a bivariate function f € C*1(Q2) defined on
a tensor domain Q = (2, x Q,, with Q,,Q, C R two bounded intervals, by a sum of few
products, say n > 1, of univariate functions. To recall this algorithm, let us first pick the
following real values: z1,...,x, € 0, and yi,...,y, € €. We then denote respectively by
Lq,...,L, and C1,...,C,, the z-lines and the y-lines associated with these points, i.e.,

Li = {(%%% T e Qx}> and Cz = {(xwy)a (TS Qy}7

for all 2 = 1,...,n. The key step of this algorithm is the construction of the following cross
interpolation operators:
fCy) f (@i, )

Ii f = 3

] f(zi, y:)

for all i = 1,...,n such that f(z;,v;) # 0. Clearly, the function I;[f] interpolates the values
of f along the z-line L; and the y-line C; crossing at (x;,y;), i.e.,

LIfICoy) = f(ow) and  Li[f](xi, ) = fla,-). (1)

Hence, using the operators 1y, ..., 1,,, the values of f on the z-lines Li,..., L, and on the
y-lines C', ..., C, can be interpolated one by one thanks to the following property:

Property 1 (No fill-in). Let ¢ € {2,...,n} andi € {1,...,0—1}, and suppose that f(x;,-) =
f(7y1> =0 and f(xé,ye) 7& 0. Th@’ﬂ, If[f](x“ ) - Ie[f](7y7«) =0.

The CA algorithm, which performs this iterative interpolation, is presented above. This
algorithm can be applied, up to a permutation of the chosen points, whenever the n x n
matrix S containing the sampling of f, i.e.,

Sij = f(@5,94), (2)

forall i, j = 1,...,n, is invertible [18]. Under this condition, it follows from Property 1 that
the output ®,, of the CA algorithm satisfies the following interpolation property.

Property 2 (Value interpolation). The function ®,, interpolates the values of f on the
x-lines Ly, ..., L, and on the y-lines C4,...,Cy, i.e.,

qDH(" yz) = f('ayi)a (pn(xu ) = f(l‘z; ')7 (3)

foralli=1,....n.



Input Q=R w2, €O, Yiy oy Yn € 8y
Output : rank n function @, : 2 — R.
q)o < 0,
Ro < f;
for i < 1 ton do
if Ri—1<xi7 yz) 7é 0 then
Ri—1(yi) Ri—1 (i,

L lf({ill)(xi,yj)( );

Qi D0+ L

Ri < Rioi — 1
else

‘ Error during Cross Approximation — stop;

end

end
Algorithm CA: Cross Approximation

Some error estimates of the approximation provided by the CA algorithm can be found
in [2, 5]. We focus in what follows on the error estimates presented in [18] which we restate
in Theorem 3.

Theorem 3 (Dyn, Jiittler, Mokris, 2017). Let h > 0 and f € C™™([0,h]?) and suppose

that
max det (9.07 Zi i)
#4594 €[0,R] (9% ol (i yw))m:own
Cf _ 4,7=0,...,n . C
min _det (9,07 f (245, 7i;))
Zi5,9i5€[0,h]
i,j=0,...;n—1

We set moreover h € (0,h), Q, = Q, = [0,h], and Q = Q, x Q,, and we suppose that
det S # 0. Then,

3,j=0,...n—1

th
— D, po) < ¢r—.
Hf HL ) = f(n!)g
Remark. Remarkably, the coefficient ¢; does not depend on the chosen reals i, ..., x,
and y1, ..., y,. Nevertheless, the properties of the interpolant depend on the choice of these
numbers. In practice, one may use the end points of the intervals defining the tensor
domain {2 and equally distributed points in the interior of the intervals. This choice is also
suitable for the construction of globally smooth spline-type interpolants. Alternatively
2, 5] one may choose these numbers adaptively by always picking them as the coordinates
of the point with the largest residual error.

In order to investigate a limiting case of the CA algorithm, we first consider a small
real ¢ > (0 satisfying

1
€ < ~min min |41 — 25|, min ) 4
2 <i€{1,~~,n1} i =@l min | fyi y”’) )



When applying the CA algorithm with the double grid, emphasised by II, and defined by
the real values

T1, T1+E, T, T +E, ..., Tn1TE,Tp—E, Ty € Qa:a and,

y17y1+87y27y2+€7"'7yn*1+87yn_€7yn S Qy7 (5)

the coefficient ¢; introduced in Theorem 3 is independent of €. The sampling of f is, for
this grid, given by the following matrix:

f(x1,91) flzite, ) o flan—e,y) f(@n, 1)
flxy,m+e) flote,yite) - flane,yite) f(an, yite)
S I z
f(xla ynf‘s) f(x1+57 ynf‘s) T f(xnf‘% ynfg) f(xm ynﬂg)
f(ffl, yn) f(x1+57 yn) T f(xn*ga yn) f(xna yn)

Clearly the determinant of the matrix S};.I converges to zero whenever £ goes to zero.
Though, we show in the next section that the output @1}75 of the CA algorithm using the
points (5) converges under the same limit.

On the other hand, extending Property 2 of the CA algorithm to Hermite interpolation
is an important step to construct C'-smooth piecewise low-rank functions. With this
purpose in mind, we introduce in the next section the Low-Rank Hermite Interpolation
(LRHI) and we show that @)  converges to the unique solution W, of LRHI whenever
€ goes to zero. To be more precise, let us first introduce some samplings of the partial
derivatives of f. Using 0 to highlight the source of the sampling, we denote by S, S%,
and S92, the matrices of size n x n respectively defined by

S = 0, f(xj,y:), Sy = 0yf(xj, ), and Sy = Ouy f (5,5,

for all 4,5 = 1,...,n. Next, let M be the matrix of size 2n x 2n defined as follows:
S Sax
M = <St9y S@my) : (6)
The convergence result is stated in the following theorem.

Theorem 4 (LRHI as limiting case of the CA algorithm). Let €2, €, C R be two bounded
intervals and set Q = Q, x Q,. Let f € CY1(Q) and suppose det M # 0. Then, for all
e > 0 small enough, the matriz S is invertible and

: oI _
lgy @ = T

where V,, is the unique solution of LRHI defined in (11).

A direct consequence of Theorems 3 and 4 is that the order of approximation stated
for the CA algorithm is also valid for the solution of LRHI.

bt



Theorem 5 (Order of approximation 4n). Let h > 0 and f € C?™?"([0, h)?) and suppose

that i 0
max  det (9,09 f (245, 7i;))

. - 0. 9
Z45,9:5€[0,h] 1,j=0,...,2n
1,7=0,...,2n _
Cf - i ) 0.
i LA f (5. Q]
3 mln B det (axayf(l’zya yz]))ijzo om1
Z;5,9:5€[0,h] ,J=0,...,
4,7=0,...,2n—1

We set moreover h € (0,h), Q, = Q, = [0,h], and Q = Q, x Q,, and we suppose that
det M # 0. Then,

4n

((2n)))*’

where W, is the unique solution of LRHI defined in (11).

If = Vollzeo() < ¢y

Remark. The observations made in the previous remark apply to the Hermite setting,
too. In order to construct globally C! smooth spline-type interpolants, one may use the
end points of the intervals defining the tensor domain €2 and equally distributed points in
the interior of the intervals.

3. Low-rank Hermite interpolation

In this section we introduce the Low-Rank Hermite Interpolation (LRHI): an extension
of the closed-form formula satisfied by the output of the CA algorithm permitting Hermite
interpolation. We then show that LRHI is a limiting case of the CA algorithm (Theorem
4).

Before this, let us recall the closed-form expression of the output of the CA algorithm
[2, Lemma 3]. To clarify the exposition, we define the vector fields n : €2, — R" and
7:Q, — R" as follows:

[z, 1) f(il?l,y)
n(z) = : , and 7(y) = : :
f(xvyn) f(l'n,y)

for all (z,y) € Q.

Proposition 6 (Closed-form expression for the CA algorithm). Suppose detS # 0. Then,

O, (2,y) = (S n(x), 7(y)), (7)
for all (z,y) € Q, where ®,, is the output of the CA algorithm.

Proof. We first remark in the CA algorithm that the output ®,, only depends on the values
of f on the x-lines L, ..., L, and on the y-lines C4,...,C,,. Moreover, this dependence is
clearly linear. In other words, there exists a matrix B of size n x n such that &, (z,y) =
(Bn(x),7(y)), for all (z,y) € Q. Next, omitting the variables z and y, we note that

6



®,, = (\,7), with A = Bn. Then, denoting by 7; and 7, the i-th coordinates of 7 and
71 respectively, we obtain using Property 2 that the function &, interpolates 7;, for all
i =1,...,n, and we infer

D Mm(ys) =i
k=1

Equivalently, using the sampling S, we have SA = 7. Finally, since S is invertible, we
conclude that By = A = S™' 5, and the result follows. ]

In order to formulate LRHI, let us now introduce the interpolated data. We denote by
H:Q, — R"and T : Q, — R" the derivatives of f in the complementary direction on the
x-lines Ly, ..., L, and the y-lines C', ..., C), respectively, i.e.,

&Uf(xv yl) aﬂcf(mlv y)
H(z) = : , and  T(y) = : :
ayf(x, yn) aa:f(xm y)

for all (z,y) € Q. We construct in the following proposition a function ¥,, € C*1(Q) which
solves the Hermite interpolation problem, i.e.,

an(ayz) = f(a yl)> \Ijn(xlv ) = f(‘%l? )7 (8&)
V\Ijn(v yZ) = vf(v y2)7 V\I[n(x%7 ) = Vf(l‘z, )7 (8b)
or equivalently
(i) =m, OyWnlu:) = H, (9a)
‘I/n(Iz’, ) = Ty, axq/n(xz‘, ) =T, (9b)

for all v = 1,...,n, where n,, 7;, H;, and T;, are respectively the i-th coordinates of n, 7, H,
and T.

Proposition 7 (Low-rank Hermite interpolation). Suppose det M # 0. Then, there exists
a unique function ¥, € CY1(Q) of the form

U, =\7)+\T), (10)

with A, \ € (C’l(Qm))n, satisfying (8) for all i = 1,...,n. Moreover, this function is given

” e = (o (12). G2

for all (x,y) € Q.



Proof. Firstly, ¥,, satisfies (9a) if and only if it satisfies the following;:
(e, y:) = Z AeTi (i) + Z M Th(yi) =i,
k=1 k=1

—~ . dr " dT
V(i) = Z Akd_yk(yi) + Z Akd—yk(yz) = H;,
k=1

k=1
for all i = 1,...,n, with \; and \; the i-th coordinates of A and A respectively. Using the
matrix notation, we obtain

t

(\I]"('7y1)7”' 7‘I]7L(>yn)) = S)\+Sax5\ =,
(@yllln(-, y1>’ T 78yan('7yn))t =S%\ + §ozy /~\ =H.

Hence, since M is invertible, there exists a unique couple (A, 5\) such that ¥, satisfies (9a),

which is given by
GO = (8 9m) () =0 ().

for all x € Q.. Now, to check that the uniquely defined function ¥,, also satisfies (9b), let

us note that
A(96-)) (77(1‘-)) (X(m)) (n’(x-))
M) = P0), and M (570 ) = s
(A(%‘) H(z;) X () H'(z;)
for all j = 1,...,n. The right hand side of the first and the second equalities are respectively
the columns j and n + j of the matrix M. Hence, we have

1 if =i -
Aizy) = { 0. els]e, Ai(r;) =0,

- 1, ifj=i,
N(;) =0, O

for all 7,5 = 1,...,n. We finally apply the definition of ¥,, to conclude that (9b) is satisfied.
The result follows. O

We now prove Theorem 4, i.e., that the output @5}6 of the CA algorithm applied to
the double grid (5) converges to the function ¥,,, whenever € goes to 0. To adapt Formula
(11), we denote by n!l and 7! the value of f on the x-lines and the y-lines associated with

the double grid (5), i.e.,

77?(55) = (f(x7y1)7 f(x,yl—{—e), T >f(x7yn75)a f($7yn)>t7 and
T5H<y) = (f(xby)’ f(x1+57y>7 T ,f(LCn*E,y),f(l’n,y))t,



for all (x,y) € Q. Supposing det SI' # 0, we then have by Proposition 7:

Oy (@, y) = ((82) 702 (@), 72 (), (12)

for all (z,y) € Q. We note that we can not directly compute the limit ¢ — 0 in (12) since
Sg converges to a matrix which is not invertible. Therefore, the first step is to apply some
linear combinations on the lines and the columns of the matrix and the vectors involved in
(12). The resulting expression, presented in the next lemma, contains the following finite
difference operators:

flaxe,y) — f(z,y)

) —
€

[z, y*e) — f(z,y)
€

§EEf(r,y) = £ , for all (z,y) € Qs.t. (x£e,y) € Q,

SUE f(z,y) =+

, for all (z,y) € Q s.t. (z,yte) € Q. (13)

Lemma 8 (Equivalence with finite differences). Let ¢ > 0 satisfy (4) and suppose det ST #
0. Then,

Dre(w,y) = (M10:(2), 72(9)), (14)
for all (z,y) € Q, with:
f(@1, ) o flen,y) o f(@n,y) 02 f(@n, y1)
B 5g’+f($17 yl) (5?—’—5?74_]0(1)17 yl) e 5g’+f(xn> yl) (5?_5374_]0(:[;715 yl)
f(xla yn) 6§’+f($17 yn) T f(xna yn) 6§7_f($n> yn)
5Ey’_f(x1; yn) 5§’+(5g’_f(x1,yn) 5?’_f<xm yn) 557_63’_f(xm yn)
f(xvyl) f(xlvy)

6g’+f(l‘7 ?/1)

5€x’+f(x17 y)

() = : T(y) = :
f(@,yn) f(@n,y)
A CNTY 02 f(n, y)
Moreover, we have .
| det ST | = £%"| det M.|. (15)

Proof. The variables x and y will be omitted in this proof. Firstly, we denote by A the
unique solution of the linear system SI' A = 1, so that ®I_ = (X, 7). We then apply the

following linear combinations to the rows R, ...,

(Ryi_1) + (Rai1),

R, of this linear system:

(RQZ) - (RQi—l)
9

, (16)



for all i = 1,...,n, where R, ..., Rl are the lines of the resulting linear system. We obtain
that @}, = (T4, 7Y, with:

fz1,y1) flei+e,y) - flza—e,m) f(@n,y1)
5g’+f(51717 Z/l) 5g’+f(i€1+€, yl) T 5§’+f(:z:n75, yl) 5g’+f(xm Z/l)
T = : : : :
f(xlv yn) f(x1+57 yﬂ) T f(:CnfE, yn) f(xnv yn)
OV f(z1,yn) 0V flaite,yn) -+ 0¥ f(zne,yn) 0V f(Zn,yn)

Next, using that ®Y_ = (7., T7-'7), we apply the linear combinations (16) to the linear
system formed by the matrix 7% and the right-hand side 7!T. These combinations are then
operated on the columns of 7" and we obtain <I>£}7E = <7~]e, Mgt%6>. Formula (14) follows.
Formula (15) then directly follows from (16) and the properties of the determinant. O

To emphasise the similarities between the function ¥,, and the expression of <I>H€ given
by Lemma 8, similarly to the above proof, we apply some permutations on the lines and
the columns of the matrix and the vectors involved in (14). The resulting expression,
presented in Lemma 9, is a finite difference counterpart of the expression of ¥,,. Therefore,
we introduce the finite difference version of the matrix M, denoted using the upper index
6. Let S2%,8% S2*™ be the matrices of size n x n given by

(851’) _ 5x+f(l‘]7yi)7 if 4 <n,
=W 0%~ f(zy,vi),  else,

(Séy)“ — 5y+f<xjvyi>7 1f.] <n,
e 0V f(zj,y:),  else,

0BT ovt f(xj,y:), ifj<nandi<n,

(%Y, = 0BT 0Y~ f(xj,y:), ifj<nandi=n,

e /U 5””_(5y+f(:cj,yl), if j=nandi<n,
0P 0Y~ f(xj,y:),  else,

for all 4,5 = 1,...,n. We then denote by M. the matrix of size 2n x 2n given by

S gk
ME = (Sgy ngy) )

where S is the sampling of f at the points z1, ..., z,, and yi, ..., y, as defined in (2).

Lemma 9 (Finite difference interpolation). Let ¢ > 0 satisfy (4) and suppose det ST # 0.
The output (IDEE of the CA algorithm using the double grid (5) then satisfies

ot e = (s (0. (7)),

10



for all (x,y) € Q, with:

oL f (@, y1) 0" f(z1,9)
H.(z) = f ) T.(y) = :
oL~ f (@, yn) 02 f (@n, y)
Moreover, we have
|det ST | = £%"| det M.|. (17)

Proof. The result is obtained in a similar manner as Lemma 8, using some permutations
instead of the linear combinations (16). O

We can now conclude the proof of Theorem 4.

Proof of Theorem /. First, since f € C%(Q), the finite differences 6>*f, §%*f, and
6TE6YE f, converge uniformly to 0, f, 9, f, and O, f, respectively. Hence, we obtain that:

M, — M, (18a)
e—

H.(x) — H(x), for all x € Q,, (18b)
e—

T.(y) — T(y), for all y € Q,. (18¢)
e—

Gathering det M # 0, (18a), and the continuity of the determinant, we obtain that

| det M.| # 0, for all £ > 0 small enough. Using moreover (17), we infer that | det S| # 0

for all € > 0 small enough, so that the CA algorithm can be applied with the double grid.
Next, since M is invertible, we have

MY (n(x), He(z)) —> M~ (n(2), H(z))',

€
e—0

for all x € €),. Finally, Lemma 9 yields

st~ (3 (12). (1)) - oo

for all (z,y) € Q. O

4. Cross approximation approach

In this section we present iterative methods with the aim of implementing efficiently the
solution of LRHI. These methods moreover present the advantages of allowing an adaptive
choice of the points x1,...,z, and ¥yi,...,y, used in Hermite interpolation, in a similar
manner as the ACA algorithm [2]. The choice of the points is nevertheless left for further
investigations.

11



Let us first note that, in addition to the cross interpolation property (1), the operators
I, ..., I, satisfy:

for all i = 1,...,n. Then, we introduce the operators I, ..., I* defined by
0,/ (.y)0uf (1)
axyf($ia Yi) ’

for all ¢ =1, ...,n such that 0., f(z;,y;) # 0. One can easily check that the function IZX [f]
interpolates the derivatives of f in the opposite direction on the z-line L; and the y-line
C; intersecting at (z;,v;), i.e.,

for all ¢ = 1,...,n. The algorithms introduced later in this section are constructed in a
same fashion as the CA algorithm, using the operators I, ..., I* and I, ..., I,. Hence, before
presenting them, we check that no fill-in occurs during the different operations.

L[]

Proposition 10 (Nofill-in). Let ¢ € {2,...,n} andi € {1,...,0—1}, and suppose V f(x;,-) =
Vf(a yl) = 0. Then,

o supposing that Oy f (e, ye) # 0, we have the following:
L (s, ) = Bf]( ) = 0 (no fill-in in values by I );
2. 0. L f](ws,-) = 0, IX[f](-, i) = O (no fill-in in derivatives by I} );
o supposing that O, f (z¢,-) = Oy f(-,ye) = 0 and f(ze,ye) # 0, we have that
3. 0: Lo[f)(xi,-) = Oy Le[f](-,vi) = O (no fill-in in derivatives by 1,).
4. 0y L[ f](xe, ) = Oy L[ f](-, ye) = 0 (no fill-in in derivatives by 1,).

Proof. In each of the four cases, we prove one of the two equalities. The proof that the
second term is also null is done in a similar manner.

1. We deduce from 9, f(x;,-) = 0 that

_ Oy (i ye) O f (4, )
8acyf(x€7 yﬁ)
2. Since 0, f(x;,-) = 0, we have 0y, f(z;,-) = 0. We conclude that

azyf(xia yé)aa:f(xb )
Oy f (0, Y0)

I [f)(@i, ) =0.

0, Iy [f)(wi, ) = =0.

3. We infer from 0, f(x;,-) = 0 that

axf(mi>yf)f(x€’ )
f (e, ye)

O L[ fl(i,-) = =0.

12



4. Using 0, f(xy,-) = 0, we obtain:

aa:f(xéa ?Je)f(ﬂ% )
f (e, ye)

(‘935 Ig[f](fbg,) = = O

]

We present below the first implementation of LRHI: the first Cross Hermite Interpola-
tion (CHI1) algorithm.

Input Q=R 2,2, € Qg Y1y, Yn € 8y
Output : rank 2n function ¥, : @ — R.

LA +— 0;

Ro < f;

for i < 1 ton do
if &EyRi_l(xi, yz> 7£ 0 then
e
Uy U, + I
R; ¢+ Rio1 — I
if R;(z;,y;) # 0 then
L o BT
UG = 05 + I
R, + R, — Iz';
else
‘ Error during Cross Hermite Interpolation — stop;

end

else
‘ Error during Cross Hermite Interpolation — stop;
end

end
Algorithm CHI1: Cross Hermite Interpolation

Remark (Notation of the output). We use the same notation, namely W,,, for the function
constructed in the CHI1 algorithm and the unique solution of LRHI. We indeed show in
Proposition 12 that these functions are the same.

We leave the discussion about the cases where the algorithm can be applied for later
and we now focus on the properties of the output.

Proposition 11 (Hermite interpolation). Supposing that the CHII algorithm processed
until the end, the output V,, satisfies Hermite interpolation (8) for alli=1,...,n.

13



Proof. We prove this result by induction on n > 0. First, the proposition is trivially
satisfied for n = 0 since no equation has to be satisfied. Then, we suppose that the
proposition is valid for n > 0, i.e.,

for all i = 1,...,n. We denote by ¥,y : & — R the function obtained after adding the
interpolation of the derivatives: W, = W, + I ;[R,]. We infer from (20) and Points 1
and 2 of Proposition 10 that

I§+1[Rn] (i, ) = I§+1[Rn]('ayz’> =0,
VL [Ral (@i, ) = VIR 9) = 0, (21)

for alli = 1, ..., n. Moreover, the cross interpolation property of the operator IX 1 (Equation
(19)) yields the following:

81 I§+1[Rn](xn+la ) = a:): Rn(anrla ) = axf(er»la ) - ax\Dn($n+17 ')7
9y I§+1[Rn]('7l/n+1) = 0y Ro(sYnt1) = Oy f (s Ynt1) — Oy Wy Ynt1)-

We infer that

ax\iln—&—l(xn—kla ) - axf(xn—‘rh ) and ay\ijn-i-l('a yn-i-l) = 8yf('7 yn-‘rl)' (22)

We gather the induction hypothesis for n, and (21) and (22), to conclude that W, satisfies
the interpolation properties (8), for all i = 1,...,n, and (8b) for i = n+1. Next, we denote
by R,.11: € — R the following remainder:

Rn-&-l =R - Iiz(-i-l[Rn] =f- an—i-l-

The aforementioned interpolation properties satisfied by \TJHH can be rewritten as follows:
foralli=1,...,n,

Rn+1($z‘, ) = Rn+1('7 yz) =0, (233)
Vlshnﬂ(l"i, ) =V Rn+1('> yz) =0, (23b)
aanJrl (anrla ) = ayf{n+1('a yn+1) = 0. (230)

Using moreover Point 3 of Proposition 10 and Property 1, we obtain

az In—l—l[Rn—l—l](xia ) = 8y In+1[Rn+1]('7 y1> - O’

Lot1[Ros] (@i, ) = Livt [Rasa] (1) = 0, (24)

for all i = 1,...,n. Furthermore, we infer from (23c) and Point 4 of Proposition 10 that
Lo+ 1[Rast)(@ns1, ) = O Lost [Rua] (-, yusa) = 0. (25)

14



We conclude from (24) and (25) that ¥, 11 = Wp,y1 + L, 1[R,41] satisfies the same interpo-
lation properties as ¥, 1, i.e., (8) for all i = 1,...,n and (8b) for i = n+1. Moreover, we
deduce from the cross interpolation property of I,,; 1, namely (1), that

In+1[f{n+1](xn+17 ) = 1:N{nJrl (anrlu ) = f(anrl; ) - \i’nJrl(anrlu ')7
L1 [Rn1] (5 nt1) = Rag1 ( nr1) = FC Yng1) = Yogr (4 Yngr)-

We infer that U, satisfies

\Ijn+1(xn+17 ) = f(xn-i-l? ')7 and \Dn-&-l('a yn+1) = f(7 yn+1)'
Hence, VU, also satisfies (8a) for i = n+1 and the result follows. O

Using this proposition, we now prove that, whenever it exists, the output is the unique
solution of LRHI.

Proposition 12 (Closed-form expression for the CHI1 algorithm). Supposing that the
CHI1 algorithm processed until the end, the output is the function V,, defined in (11).

Proof. The proof is done in a similar manner as the proof of Proposition 6. First, we note
that ¥, only depends linearly on n, 7, H, and T. As a result, there exists a matrix B

such that
wien= (8 (103)- (1))

for all (z,y) € Q. Next, let A\, \ € [C"(€2,)]" be the vector fields defined by (A(z), S\(x))t =
B(n(z), H(I))t, for all x € Q,. The function V¥,, then satisfies Hermite interpolation (8)
and ¥, = (\,7) + (A, T), and the result follows from Proposition 7. O

We though underline that invertibility of the matrix M is not a sufficient condition for
the CHI1 algorithm to succeed. We present below an example illustrating this remark.

Example. Consider n = 2, the points 1 = y; = 0 and x5 = y» = 1, and the rank four
function f : [0,1]> — R given by

f(@,y) = a(z) + aly) + za(z)B(y) + ya(y)B(z),
for all z,y € [0, 1], with a, 8 : [0,1] — R defined as follows:
a(z) =x(z—1), B(z)=a*(=3+2z),

for all z € [0,1]. Then, f(z;,v;) = 0wy f(xj, ;) = 0, for all ¢, 7 = 1,2. Hence, since f and
its cross-derivative cancel on all the vertices of the chosen grid, one can neither apply CA
nor the CHI1 algorithm. Though, we have

aa;f([)?O) = _1’ aa:f(()? 1) = _1’ a$f(1’0) = 17 a:vf(L 1) = 07
0,£(0,0) = —1, 8,f(0,1) =1, 8,f(1,0)=—1, 8,f(1,1)=0.

15



And we obtain

(0 8™ R | oy [(—1 —1
M—(Say O),WlthS —<_1 0) and S = T

Hence, the matrix M is invertible and Formula (11) yields:

Uy(z,y) = Ha(z)7i(y) — (Hi(z) + Ha(z)) 2(y)
—ny(x) Ta(y) + (771(37) - 772(@) Ta(y),

or equivalently, Uy = f.

In order to provide an algorithm working under a predefined condition, we now switch
the order in which the operators Iy, ...,I, and Iii, ey 15 are applied. In what follows, the
derivatives are first interpolated and the CA algorithm is then applied to the remainder in
order to interpolate the values. To interpolate the derivatives, we use the Cross Derivative
Interpolation (CDI) algorithm presented below. Before giving the conditions ensuring that

Input Q=R 2,2, € Qg Yty Yn € 8
Output : rank n function X : Q — R.

UX + 0;

Ry f;

for 1 < 1 ton do
if 0., RY (7, 9:) # 0 then
any—l(Wyi)azR?(—l(mi:').
Bay R (i,9:) ’
UN — UX 41
RY < RE, — I
else
‘ Error during Cross Derivative Interpolation — stop;
end

X

end
Algorithm CDI: Cross Derivative Interpolation

the CDI algorithm will process until the end, let us show that the derivatives of f in the
opposite directions are, as expected, interpolated.

Proposition 13 (Derivatives interpolation). Supposing that the CDI algorithm processed
until the end, the output WX of the CDI algorithm satisfies

forallt=1,...n.

Proof. This result is obtained by induction, using the interpolation property (19) of the
operators I, ..., IX and Point 2 of Proposition 10, similarly to the proof of Proposition

ey dn

11. ]
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The CDI algorithm can be applied, up to a permutation of the chosen points, under
the condition det S?™ # 0. This follows from the next lemma adapting [2, Lemma 2] to
the CDI algorithm.

Lemma 14 (Formula for the remainder). The remainders Ry, ...,RY introduced in the CDI
algorithm satisfy the following:

ﬁ Ouy Ry (25, y5) = det S
Proof. First, we note that, for all j = 1, ..., n, there exist a{, e oz;: : Q, — R such that
R} (z,y) = Zo‘k )0 f (21, ),
for all (z,y) € Q. Therefore, we have

ary R?(I, y) = amyf(xa y) - O‘i/(x)aryf<xk7 y),

for all j =1,...,n and (z,y) € Q. Then,

<.
|
—_

amy R (xjvyZ) = zyf<xjayi) - O‘iil,(xﬁaxyf(xka yi)
1

7j—1
_ QOzy Jj—1 ozy
=5, — § :Oék () Sir

e
Il

for all 7,5 = 1,...,n. Since the second term on the right hand side is a linear combination
of the columns of S?*¥, we obtain

det |:(axyR' (mﬁyl))z] 1

.....

Moreover, for all j =2,....nand ¢ =1,...,j—1, we deduce from
8xy\Ij;(—1('7 yl) = aryf('a 3/@)

that 0, R;El(xj,yi) = 0. Hence, the matrix (0, Rj-il(acj,yi))ij:
and

is lower triangular
n

.....

n

77777

J=1

This concludes the proof. [
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A consequence of Proposition 13 is the following closed-form expression for the output
of the CDI algorithm.

Proposition 15 (Closed-form expression for the CDI algorithm). Supposing det S £ 0,
the output WX satisfies

WX (z,y) = ((877) " H(2), T(y))., (27)
for all (z,y) € .

Proof. This result is proven in a very similar manner as Propositions 6 and 12. First, we
note that UX only depends linearly on H and T. As a result, there exists a matrix B such
that

U3 (z,y) = (BH(), T(y)),
for all (z,y) € Q. Next, omitting the variables x and y, we note that W) = (A, T), with
A = BH. We then deduce from Proposition 13 that

0,5 ) = (A ) =

for all i = 1, ...,n. Using the matrix notation, we obtain $%*¥ X\ = H, and we conclude that

B=(8%)". O

In order to apply the CA algorithm to the remainder R of the CDI algorithm, we
present in the following proposition an explicit formula for its associated sampling matrix

S.

Proposition 16. Suppose det S?Y # 0 and denote by S the matriz containing the sampling
of RX = f—UX e, B

Sij = flaj,y:) — O (5, 4i),
for alli,j € 1,...,n. Then, the matriz S is the Schur complement of the block S of the
matriz M, that is,

S =5 8% (%) g%,
Proof. Using Proposition 15, we obtain

U (g, y:) = ((S™) " H(xy), T(y:))

- Z Z «Saggy)_l)szl(xj) Tr(ys)

k=1 l=1

=33 ((8")7) 00 f (w5, 1) 0w f (4, 1)

k=1 I=1
Y () St
k=1 I=1
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Hence, we have
Q.. Q.. _ Ox (QOzy\—1 Qoy
Sij = Sij (S (S¥)~*S )Z.j,
and the result follows. O

Using the determinant formula for Schur complements [20], we obtain:
det M = det S det S .

As a result, under the conditions det M # 0 and det S?¥ # 0, one can apply the CA algo-
rithm to the remainder Rﬁ, up to some permutation of the points z1, ..., x, and yq, ..., Yn.
The combination of these two algorithms, denoted as the second Cross Hermite Interpola-
tion (CHI2) algorithm in what follows, is presented below. In a similar manner as earlier

Input Q=R 2,2, € Q0 Y1y, Yn € 8y
Output : rank 2n function ¥, : @ — R.

VX« CDI(f);

Ry =0,

U, « UX4+ CARY);
Algorithm CHI2: Cross Hermite Interpolation

for the CHI1 algorithm, we now prove the interpolation property and conclude that the
output is the unique solution of LRHI.

Proposition 17 (Hermite interpolation). Suppose det M # 0 and det S%Y £ (. Then, the
output V,, of the CHIZ2 algorithm satisfies Hermite interpolation (8) for alli=1,...,n.

Proof. The proof can be done recursively, similarly to the proof of Proposition 11. Points
3 and 4 of Proposition 10 indeed ensures that (26) remains satisfied by the output ¥,. On
the other hand, the interpolation of the values of f, i.e., Equalities (3), is proven using the
interpolation property (1) of the operators I, ..., I, and Property 1. O

Proposition 18 (Closed-form expression for the CHI2 algorithm). Suppose det M # 0
and det S?Y #£ 0. Then, the output of the CHI2 algorithm is the function U, defined in

(11).

Proof. The result can be proven similarly to the proof of Proposition 12. O

5. Adaptively refined piecewise low-rank approximation

In order to satisfy a given error tolerance, one may increase the rank until the interpolant
reaches the desired level accuracy [2, 5]. In the present paper we adopt a different approach,
since our aim is to approximate the function f by a piecewise low-rank function. The main
idea is to subdivide the domain (2 until the low-rank approximation on each subdomain is
close enough to the target function f. We then validate numerically the C*'-regularity of
the result whenever using LRHI for the local low-rank approximations.
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Before this, let us show the efficiency of LRHI with an example. We apply LRHI and
the CA algorithm to a polynomial of bidegree (10,10) with randomly chosen coefficients
on © = [0,h]?, for multiple values of h > 0. We compare in Figure 1 the L*®-error of
these two algorithms for ranks 4 and 6. The comparison of the L>-error of the gradient
in the same configuration with rank 4 is presented in Figure 2. We finally corroborate,
using this random polynomial, the convergence announced in Theorem 4. To this extent,
we apply the CA algorithm with the double grid (5) and we plot the L>-distance between
the resulting function (IDE,E and the output V,, of LRHI for different values of € in Figure 3.

1e1 /
B 1e-4
L et T " -
° le7
g1e—5 g
1] 1]
1e-8 1e-10
L*-error LRHI —*— L*-error LRHI —*—
1e-11 L*-error CA —— P L*-error CA ——
h B2 oo
S 1e-13 po11
0.1 D 0.1 1
h h

Figure 1: Comparison of the convergence with respect to the L>-norm of LRHI and of the CA algorithm
with rank 4 (left) and rank 6 (right)

1e2 / -
1e_1 "«‘ 19,3 o
]
—
o = e
Eed @ le-4 »
P o
le-7 L*-error derivatives LRHI —— ,
L”-error derivatives CA —*— 1e-5 e
h7 - L*-distance CA with
1e-10 b .- i B - double grid - LRHI
‘ . . R . . . R | . N . N X A X N
0.1 1 1e-5 1e-4 1e-3 1e-2 1e-1
h €
Figure 2: Comparison of the convergence of the gra- Figure 3: Convergence of @E)E to U,, with respect

dient with respect to the L>-norm for LRHI and the to the L*°-norm when ¢ goes to 0
CA algorithm with rank 4

To simplify the exposition of the piecewise low-rank approximation, we suppose in what
follows that 2, = Q, = [0,1], and © = [0, 1]%. Also, we restrict ourselves to the case where
the domain is split uniformly in two parts, both in the z-direction and in the y-direction.
Each subdomain is then associated with two sequences of Booleans. Therefore, set N > 1
and denote by By the set of Boolean N-tuples. The two sequences by, b, € By, with
by = (by1,...,byn) and by = (by1, ..., by x), encode the side of a given subdomain Ql;,"’by
after each of the N splittings, i.e.,

QP = QE,XN X Q;yNy with QI;,XN = [ia e +277], QZYN =[iy, iy +27"],  (28)

20



iy = Z;VZI b, 279, and i, = Zjvzl b, ;277. For consistency of the notation, we also set
Qo = Qy, Qyo =y, and Qp = Q. These sets are then defined such that:

bx _ bxx{0} by x{1} by  ~Abyx{0} by x{1}
Qx,N = Qq:,N—f—l U Qx,N—i—l , and Qy,yN = Qy,yN+1 U Qy,yNH .

An illustration of the above notation can be found in Figure 4.

Q(21,0),(1,0)

\ / W—/
0 1,1
ofy )
~—
Qm,O

Figure 4: Illustration of the hierarchical subdomains

In order to stay generic, both for the choice between LRHI and the CA algorithm and
for the definition of the stopping criterion, we suppose that we are given the following
functions:

e lowRankApproximation(f, [a, b] X [¢,d]): applies either LRHI or the CA algorithm to
‘f|[a b x [e,d] with 2y = a, 2, = b, y1 = ¢, and y, = d;

) stoppingCritgrion( f,€,¢): checks if the approximation of f on Q by the low-rank
function ¢ : 2 — R is good enough.

Though it did not occur during our numerical examples, we highlight that we might be in
the particular case where the chosen low-rank approximation method can not be applied.
This is checked a priori with the condition det S # 0 for the CA algorithm and det M # 0 for
the LRHI method. If this condition is not satisfied, we simply apply a Coons interpolation
of the considered data. Then, the Adaptively Refined Piecewise Low-Rank Approrimation
(ARPLRA) can be outlined as follows:

An illustration of the recursive splitting used in ARPLRA is depicted in Figure 5.
ARPLRA returns a list ¢ of low-rank functions ¢; : I'1 = R,...;{; : I'y = R, where
[y, ...,I'q C Q are domains of the form (28). With the purpose in mind to assemble these
local functions, we first underline that the domains satisfy:

d
Q= JTy and T; NT; = oI, N AT, (29)

k=1

for all 4,7 = 1,...,d such that ¢ # j. Furthermore, using the interpolation properties of the
CA algorithm and LRHI, we infer that the low-rank functions (5, ..., (; satisfy

G |ari - f‘ari’ (30)
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Input : f:Q — R: function to approximate,

N: number of subdivisions already operated,

by, by € By: position of the considered subdomain in the grid.
Output : (: list of low-rank functions.

locInterp<— lowRankApproximation(f, Qz"’by);

if stoppingCriterion(f, Q]X,"’by ,locInterp) then
‘ ¢ < {locInterp};
else
subdl <~ ARPLRA(f, N+1,byxx{0}, by x{0}
subd2 <— ARPLRA(f, N+1, b, x{0}, by x{1}
(
(

subd3 « ARPLRA(f, N+1,byx{1}, by x{0});
subd4 < ARPLRA(f, N+1,byx{1},byx{1}
¢ < subdl U subd2 U subd3 U subd4;

end

Algorithm ARPLRA: Adaptively refined piecewise low-rank approximation

7

)
);
)
)

I

for all i = 1,...,d. Therefore, we conclude from (29) and (30) that the functions (i, ..., (4
can be assembled to form the continuous function Z : €2 — R defined as follows:

Z(z,y) = (;(z,y), wherei € {1,...,d} is such that (x,y) € I';.

We finally analyse the efficiency of ARPLRA using a numerical example. To highlight
the smoothness of the result whenever using LRHI, we consider in what follows a function
with larger variations: a Fourier finite sum with (7,7) random coefficients. The used
stopping criterion for a domain Q) and a low-rank approximation ¥ is: H f ’Q — \I/H Loo@) <

10~2. We compare the number of local approximations level by level using LRHI and the
CA algorithm with rank 4 and 6 in the following array.

We remark that the number of splittings is lower when using the CA algorithm. Though,
using LRHI ensures that the resulting function Z has C'-regularity. To visualise this, we
plot the output of ARPLRA using LRHI and the CA algorithm in Figure 7. The norm
of the gradient of the output using these two methods can be found in Figure 8. One
can observe in this figure jumps in the derivatives along the junctions when using the CA
algorithm. On the other side, the gradient seems continuous when using LRHI.

To analyse more precisely the regularity of the output, since the functions ¢, ..., (, are
smooth, let us define the gradient jump of Z by the following quantity:

V(;, =V, || ornor,)-
i’jé?fff’d} IV C; |lze(ar;nar;)
AT, NAT ;#2

We then compare in the following table the gradient jump of Z for the three different
methods using rank 6 and tolerances 1072 and 10~% for the stopping criterion.

We observe in this table the smoothness of Z, even for a tolerance 1072, when using
LRHI.
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Figure 5: Illustration of the recursive splitting
algorithm rank | level N=1 | level N=2 | level N=3 | level N=4 | level N=5
4 0 1 49 44 0
CA 6 0 16 0 0 0
4 0 0 36 108 16
LRAL 6 0 16 0 0 0
CA double grid | 4 0 1 36 93 12
e=10""1 6 0 16 0 0 0
CA double grid | 4 0 0 36 108 16
e=10"3 6 0 16 0 0 0

Figure 6: Comparison of the number of local low-rank approximations required for the different approxi-
mation algorithms with ranks 4 and 6 and tolerance 10~2

6. Conclusion

We have considered the approximation of a given function by a C'-regular piecewise
low-rank function. The algorithm used for the local approximations is based on the CA
algorithm. The main bottleneck is then to obtain C'-junctions between the local approxi-
mations. In order to tackle this problem, we have extended a closed-form formula, which
characterises the output of the CA algorithm, to obtain a method providing a Hermite
interpolation property. We have then shown that this method is a limiting case of the CA
algorithm. A direct consequence of this result is that the full approximation order satisfied
by the CA algorithm [18] is also valid for our new method.

We have then proposed an extension of the CA algorithm to implement efficiently the
new approximation method. Next, we have presented a second algorithm which is ensured
to perform the approximation under some predefined condition. We have then presented a
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Figure 7: Piecewise low-rank output of ARPLRA using LRHI and the CA algorithm

piecewise low-rank approximation with adaptive refinement using either the CA algorithm
or our new method to perform the local approximations. We have finally compared the
results obtained using the two methods, confirming that our method ensures C*-smooth
junctions.

For future works, one should investigate if this method can be extended to higher
dimensions. This could be done using the extension of the CA algorithm to higher dimen-
sions studied in [21]. Among the challenging problems associated with the extension to
the multivariate setting, we mention the fact that the tensor-rank of higher order tensors
is much harder to characterize than the matrix rank (in fact, its computation is known to
be a NP-hard problem). Also, the result of the CA algorithm is no-longer independent of
the order of the successive cross-interpolation steps.

In addition, a characterization of low-rank functions would be very useful. We feel that
the error bounds (Theorems 3 and 5 will be useful for that, leading us to conjecture that
rank n functions are characterized by det (8;83{ f(&,9)), = 0 on 2. At this point,

4,7=0,...,n
however, we are not able to provide further theoretical insights.
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